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Section 2 Analysing a model 

2 Analysing a model

The Introduction described the stages of the mathematical modelling pro-
cess, and in Section 1 you saw how some of those stages can be applied in the 
context of modelling pollution in the Great Lakes. In this section you are 
asked to relate the stages of the mathematical modelling process to a previ-
ously formulated mathematical model. This model was not developed using 
the structure for modelling described in the Introduction, and consequently 
some of the modelling stages have not been made explicit. This example is 
typical of accounts of modelling that you may see in books, or produced in 
the workplace. The aim of this section is to help you to draw out and to 
clarify mathematical modelling ideas by considering the example. 

2.1 Skid marks 

The description in the box overleaf includes all of the elements of mathe-
matical modelling, but you may have to search a little to find them. The 
basic mathematical idea used is an equation for motion in one dimension This is covered in MST209 
with constant acceleration. Unit 6, but in slightly 

different notation. 
First read the whole description of the mathematical model. Then turn 
to the extended exercise following the box. This consists of a number of 
questions about the model, drawing out the main modelling points. You 
will need to refer back to the modelling description as you work through the 
exercise. 

As you read through the description of the model, bear in mind the points 
made in the previous section. Look out for the purpose of the model, the 
system that is being modelled, the simplifying assumptions, definitions of the 
variables and the derivation of relations between them, and the conclusions 
that are drawn from the model. 
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Modelling example: skid marks 

When the police are investigating a road accident, the skid marks of 
a car can be very informative. From the length of the skid marks of 
the wheels, the police can estimate the speed at which the car was 
travelling before the wheels locked and the car went into the skid. 

To assist in this estimation, the police sometimes drive a similar ‘test’ 
car with similar tyres and under similar road conditions, and cause it 
to skid at the same place, but at a lower speed. They then compare 
the skid marks produced by the test car with the original ones. They 
assume that the frictional forces between the surfaces are not dependent 
upon the speed of the car, only upon the mass of the car, the condition 
of the road and the type of surface. The frictional force is assumed 
to be proportional to the mass of the car, as are any accelerating or 
decelerating forces due to gravity if the car is going up or down a hill. 
The decelerations of the original car and the test car are the same 
according to these assumptions. 

So it is necessary to use the test car’s results to calculate the decelera-
tion and then to use the calculated deceleration to estimate the speed 
of the original car. 

For the test car, let us call the initial speed utest and the distance xtest. 
The final speed v is 0, so 

u = utest, 

v = 0, 
x = xtest, 

atest is to be found. 

The equation linking u, v, x and constant acceleration a is 
2 v = u 2 + 2ax,	 (2.1) 

so that 
20 =  utest + 2atestxtest,


2
−utesti.e.	 atest = 
2xtest 

. 

For the original car, if it skidded to rest over a distance xcar, assuming 
that its deceleration acar is the same as that for the test car atest, then  

2−utest a = acar = atest =

2xtest 

,


v = 0,


x = xcar, 

u = ucar is to be found. 

Using the constant-acceleration equation again gives 
2 

2 2utestxcar0 =  u −car 2xtest 
, 

i.e. ucar = utest 
xcar . 
xtest 

So the speed of the car before the accident can be estimated. Bear in 
mind that the speed of the original car would be greater than ucar if it 
had crashed, rather than stopped, at the end of the skid. 

This equation is derived in 
MST209 Unit 6 as 

2 2 v = v0 + 2a0x, 
where v0 is the initial velocity 
and a0 is the constant 
acceleration. The equation is 
numbered here for reference 
in the following exercise. 

This formula will be put to 
use in a computer activity in 
Subsection 6.1. 
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Exercise 2.1 
(a) State in your own words the purpose of this model, and say when it 

may be useful. 

(b) What is the role of the test car? Why could the police not just be issued 
with tables giving the speed in terms of the length of the skid marks? 

(c) The basic concern of mathematical modelling is with finding relation-
ships between variables that specify the system under consideration; in 
other words, to find formulae that enable you to calculate something if 
you know the value of something else, or that tell you how something 
varies with something else. What are the appropriate ‘something’ and 
‘something else’ in this model (in words)? (The second sentence of the 
description of the model may be of help here.) On the basis of what 
you know about skids, say what you can, in the simplest terms, about 
the nature of the variation. 

(d) Several symbols appear in the description of the model, but according 
to part (c) it is the relationship between just two key variables which 
is of concern. The symbols conveniently form four groups: symbols for 
the two key variables; symbols for the data; symbols introduced to make 
the calculations easier; and symbols used in a general formula employed 
in the model. Classify the symbols according to this scheme. 

(e) No units of measurement are given anywhere in the definitions of the 
symbols. This is not the practice adopted in this course, and you are 
usually advised not to follow it. But does it matter in this instance? 

(f)	 What is the basic model that underlies the whole discussion? 

(g) The basic model identified in your answer to part (f) assumes particle 
motion with constant acceleration in a straight line. Are these assump-
tions mentioned in the example? What other assumptions are men-
tioned or are implicit in the example? 

(h) Using Newton’s second law and the properties of sliding friction, justify You may find it helpful to 
the assumption of constant acceleration (that is, constant deceleration draw a force diagram. Sliding 

for a skidding car), for the case where the road is flat. friction is discussed in 
MST209 Unit 6. 

(i)	 Justify the ‘assumption’ that the decelerations of the two cars are the 
same. 

(j)	 The possibility that the accident took place on a slope is alluded to in 
the description of the model, but it is not stated explicitly whether the 
model applies to such a situation. Does it? 

(k) Decide whether the model would apply to the following situations: 

(i)	 a crashed Rolls-Royce; 

(ii)	 a crash into a strong headwind; 

(iii) a crash in a shower of rain, if the road dries out before the police

arrive on the scene.


(l)	 The model, so far as the original car is concerned, might be summarized 
as follows. 

‘We want to determine the initial speed ucar in terms of the length of

the skid xcar (which is the distance that the car travels before coming to

rest). Under the assumption of constant deceleration in a straight line,
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this is given by Equation (2.1) as 
√

2 ucar + 2acarxcar = 0, or equivalently, ucar = −2acarxcar.’	 The car’s acceleration, acar, is  
negative because the car is 
decelerating, thus Confirm that this result agrees with intuitive expectations, as given in


the answer to part (c). Explain why this is not the end of the story, and −2acarxcar > 0.


how the test car comes in.


(m) By combining the formulae for the original car and for the test car, the 
final formula 

xcar

ucar = utest


xtest


Do 
mathematics 

is obtained. From this formula, the example says, ‘the speed of the car

before the accident can be estimated’. If the actual skid marks are four

times as long as those of the test car, and the test car was going at

40 mph when it skidded, was the original car breaking the 70 mph speed

limit?


(n) Suppose that you are a police instructor: explain to a police officer, who 
is about to go out on an accident investigation for the first time, how 
to estimate the speed of the car before the accident. 

(o) Explain the final sentence of the example: ‘the speed of the original car 
would be greater than ucar if it had crashed, rather than stopped, at the 
end of the skid’. 

2.2 Commentary 

Reading and interpreting descriptions of mathematical models can be hard 
work: there is usually a lot of information to absorb, and it can be difficult to 
focus on what is really  important.  For  example, in the  Great Lakes  model,  
the names and volumes of the lakes do not help our understanding of the 
mathematics (though they are of crucial importance to a geographer). The 
process of coming to terms with a mathematical model is one of digging 
away until you find what lies at the root of it all. In the Great Lakes model 
it is the differential equation dm/dt = −km(t) that lies at the root, whereas 
in the skid marks model it is the formula relating initial and final velocity See Equation (2.1). 
to distance, for motion with constant acceleration in a straight line. 

One of the basic skills of mathematical modelling (as you will find when 
you come to construct models for yourself ) is to formulate the fundamental 
equation or relationship that describes the process in which you are inter-
ested. There are several points in the two accounts seen so far that show 
how this can be done. 
•	 It is important to pick appropriate variables and parameters, and to 

define them carefully. 
•	 It is necessary to simplify matters in order to make progress. For ex-

ample, it was recognized in creating the Great Lakes model that the 
problem of seasonal variations in water level could be postponed, if not 
ignored. 

•	 It is good practice to record the assumptions that you make in deriving 
the model. This will provide a clear basis for any further development. 

•	 It is important to collect relevant data, both to check the predictions of 
the model and to furnish the values of any parameters that are needed 
to apply the model to any particular situation. 
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End-of-section Exercises 

Exercise 2.2 

This exercise is based on the skid marks modelling report and subsequent 
commentary. 

(a) Discuss the advantages and disadvantages of using compound symbols 
for variables, such as utest and ucar, instead of single symbols such as u 
and U . 

(b) Why is it useful to classify parameters and variables as distinct cate-
gories? 

(c) Do you consider the following statement to be an assumption?	 ‘The 
value of the coefficient of friction is not greater than 1.0.’ 

(d) Data are necessary both to provide the values of parameters and to 
validate the model. What data do you think will be required to provide 
values of the parameters, and what to validate the model? 

(e) Do you consider the skid marks modelling report to be easy to follow? 
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