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Solutions to the exercises

Section 2 

2.1 (a) When a car skids, its tyres may leave marks on 
the road. The purpose of the model is to find a method 
of using the lengths of such skid marks to work out how 
fast the car was travelling when it began to skid. This 
information may be useful to the police after a road 
accident, when they try to find out what happened. 

(b) The test car provides data in addition to the length 
of the skid marks in the accident. These data allow a 
direct comparison to be made between the length of the 
skid marks in the accident, for which the speed of the 
car is unknown, and the length of skid marks made by 
a car whose speed at the onset of the skid is known. In 
effect, the data for the test car are used to estimate the 
deceleration of the car involved in the accident while it 
was skidding. This is possible because the conditions 
under which the test takes place are similar to those 
for the accident, apart from the speed of the car. The 
gradient and state of the road surface, the condition of 
the car’s tyres, and other circumstances of the accident 
have a significant effect on the skid. They may vary 
widely from accident to accident. It is more reliable to 
reproduce the conditions in a test than it is to make 
allowance for them in a table. 

(c) The relationship required is one that gives the 
speed of the vehicle at the onset of the skid in terms 
of the length of the skid marks. The longer the skid 
marks, the faster the car was travelling when it began 
to skid (all other things being equal), so the speed is an 
increasing function of the length of the skid marks. 

(d) The key variables are the original car’s initial 
speed, ucar, and the length of its skid, xcar. The data, 
which are the corresponding quantities for the test car, 
are represented by the symbols utest (initial speed) and 
xtest (length of skid). All of the symbols appearing in 
the final formula have now been identified, but there 
are still others. Two that are used to make the calcula-
tions easier are acar, the acceleration of the original car, 
and atest, the acceleration of the test car. (The final 
speed is zero in each case, so there was no need to in-
troduce symbols for the final speed of either car.) There 
are also the four symbols v, u, a and x that are used in 
the general equation (2.1) for constant acceleration. 

(e) No, it does not matter in this instance. One way 
of seeing why is to rewrite the final formula as 

ucar xcar = . 
utest xtest 

The left-hand side of this equation is the ratio of two 
speeds, while the right-hand side is the square root 
of the ratio of two distances. Now the ratio of two 
speeds is a dimensionless number, and so has the same 
value whether the speeds are measured in m s−1, mph  
or leagues per century (provided that both speeds are 
measured in the same units). 
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Likewise, the ratio of two distances is dimensionless and 
takes the same value whatever unit of measurement is 
used (again provided that both distances are measured 
in the same units). 
The omission of units in the description of the variables 
is therefore not important in this case, although you are 
usually encouraged to state units of measurement when 
defining variables. 

(f ) The model that underlies the whole discussion is 
that of the motion of a particle moving in a straight 
line with constant acceleration (which you may have 
met in MST209 Unit 6). The formula required here is 
that relating the initial and final velocity, acceleration 
and position, namely 

2 2 v = v0 + 2a0x, 

which becomes the same as Equation (2.1) when u is 
substituted for v0 and a for a0. 

(g) The assumption of particle motion in a straight 
line is not mentioned. (It may be reasonable, based 
on the police’s knowledge of skids and the record left 
by skid marks, but it is not mentioned explicitly as an 
assumption.) 
The assumption of constant acceleration is not men-
tioned either. 
Two other assumptions are mentioned explicitly, in the 
second paragraph. The first is that ‘the frictional forces 
between the surfaces are not dependent upon the speed 
of the car, only upon the mass of the car, the condition 
of the road and the type of surface’. The second is that 
the frictional force is ‘proportional to the mass of the 
car, as are any accelerating or decelerating forces due to 
gravity’. From these two assumptions it is deduced that 
‘the decelerations of the original car and the test car are 
the same’ (although this is restated as an assumption 
shortly after Equation (2.1)). 
Implicit in what follows, though not obvious from any 
part of the example, is the assumption that the only 
motive or resistive forces acting on a car are friction 
and ‘accelerating and decelerating forces due to grav-
ity’ (that is, weight). Thus, for example, it has been 
assumed that air resistance can be ignored. It could 
be argued that the lack of mention of forces other than 
friction and weight amounts to an assumption that no 
other motive or resistive forces are acting. In sum, then, 
the only forces assumed to be acting on a car are fric-
tion, its weight and, of course, the normal reaction. 
Another assumption, implicit in carrying out the test 
skid, is that the road and tyre conditions are the same 
for both cars. (It is not clear whether the masses of the 
cars are assumed to be the same.) 

(h) In the light of the answer to part (g), the only 
forces that are assumed to be acting on a car are its 
weight W, the friction F and the normal reaction N. 
Since the motion is assumed to be in a straight line only 
two axes are needed. The direction of motion is hori-
zontal, because the road is flat. Modelling the car as a 
particle of mass m gives the following force diagram. 

N j 

F 
m i 

W direction 
of motion 

Newton’s second law gives 
F + W + N = ma, 

where a = ai is the acceleration of the car. Resolving 
in the i-direction gives 

−|F| = ma. (S.3) 
Resolving in the j-direction gives 

−|W| + |N| = 0. (S.4) 
Now W = −mgj, so  |W| = mg. Hence, by Equa-
tion (S.4), |N| = |W| = mg. Since the car is skidding 
(sliding), 

|F| = µ |N|, 
where µ is the coefficient of sliding friction. Hence 
|F| = µ mg. Using Equation (S.3), it follows that 
ma = −µ mg, leading to 

a = −µ ′ g. (S.5) 
For any given set of road and tyre conditions, µ′ is con-
stant. Thus Equation (S.5) justifies the assumption of 
constant acceleration (that is, deceleration). 
(Note that if air resistance, or any other force that de-
pends on velocity, were included, then the acceleration 
a would not be constant. Hence the assumption of con-
stant acceleration implies that all such forces can be 
ignored.) 

(i) Since the road and tyre conditions are assumed to 
be the same for both cars, then µ′ is  the same for  both.  
Hence, by Equation (S.5), a is also the same for both, 
so the ‘assumption’ that the decelerations of the two 
cars are the same is justified. 
(Note that m does not appear in Equation (S.5). Hence 
the conclusion of equal decelerations is independent of 
the masses of the two cars, which do not therefore need 
to be taken into account.) 

(j) The model does apply to an accident on a slope, 
provided that the slope does not vary. To see this, con-
sider a car skidding down a constant slope which is at 
an angle θ to the horizontal. (The analysis for a car 
skidding up a slope is similar, and results in similar con-
clusions, but it is not given here.) The force diagram is 
as follows. 

F N j 

Q 
m 

iW 
direction 
of motion 

Newton’s second law gives 
F + W + N = ma. 
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Resolving in the i- and  j-directions gives 
−|F| + mg sin θ = ma, −mg cos θ + |N| = 0. 

Using |F| = µ |N|, 
ma = mg sin θ − µ mg cos θ, 

so that 
a = (sin  θ − µ cos θ)g. 

Hence, provided that the slope is constant (so that θ 
is constant) and the road and tyre conditions are con-
stant (so that µ is constant) then a is constant and is 
the same for both cars. So the model does apply to 
skids along a constant slope. 
(Assume here that tan θ <  µ′, so  that  a <  0. Otherwise 
the car will never stop!) 

(k) (i) The model will apply to a Rolls-Royce, pro-
vided that the test car has similar tyres. The size and 
weight of the crashed car (let alone the price) are not 
relevant, so long as the coefficient of sliding friction can 
be duplicated in the test. 

(ii) A crash into a headwind will be covered by the 
model, provided that the effects of air resistance are still 
ignored (this assumption was referred to in part (g)). 
Otherwise, the headwind will increase the air resistance 
force, which depends on the speed of the car relative to 
the air. If air resistance is included in the model, then 
the assumption of constant deceleration will no longer 
apply. 

(iii) If the road is wet at the time of the crash, but dries 
before the test, then the model will not apply. The as-
sumption that the acceleration in the test is the same 
as that in the crash will not be valid. The coefficient 
of sliding friction for a wet road is different from (less 
than) that for a dry road. 

√ 
(l) The formula ucar = −2acarxcar does predict that 
ucar is an increasing function of xcar, as expected. 
However, by itself this is not enough to solve the prob-
lem, because there is no direct way of finding the value 
of acar. The test overcomes this difficulty, and yields 
a value for acar = atest, provided that the assumptions 
are satisfied. 

(m) If the skid marks of the original car are four times 
as long as those of the test car, then xcar/xtest = 4,  so  
that ucar = 2utest. This means that the original car was 
travelling at 80 mph when it began to skid, and so was 
exceeding the 70 mph speed limit. 

(n) The instructions given to a police officer, who is go-
ing to the scene of an accident for the first time, might 
take the following form. 
1	 If there has been a skid that has left a mark on the 

road, measure the length of this mark. 
2	 Check that the tyres on the car involved in the ac-

cident are in a comparable state of wear to those on 
the test car, and that the slipperiness of the road 
has not altered significantly since the accident (for 
example, due to a change in the weather). 

3	 With a clear road, drive the test car (at a safe 
speed) towards the spot where the accident took 
place, and induce a skid. Note the initial speed of 
the test car and measure the length of its skid. 

4	 To calculate the speed of the original car when it 
began to skid, divide the length of the original skid 
by the length of the test skid. Then take the square 
root of the result, and multiply this by the initial 
speed of the test car (in mph). The answer will be 
an estimate of the speed, in mph, of the original car 
when it started to skid. 

(o) The model has been based on the assumption that 
the final speed of the original car is vcar = 0.  If  this  is  
not the case then, provided that the test still gives the 
correct value for the deceleration, �	 √ 

ucar = v2 
car − 2acarxcar > −2acarxcar. 

Hence the actual speed of the crashed car at the start 
of its skid would have been greater than that estimated 
using the model. 

2.2 (a) Compound symbols for variables, such as utest 

and ucar, immediately indicate what they represent. It 
is also useful to have the same base symbol for all the 
variables of one type, as in this case where u stands for 
speed. However, compound symbols are more cumber-
some to write and manipulate. 
Single symbols for variables, such as u and U , are easier 
to work with, but there may be difficulty in remember-
ing what they represent. A compromise would be to 
use single-letter suffices, for example ut and uc; there  
is some danger of forgetting what these represent, but 
less so than with symbols such as u and U . 
(The use of compound symbols without suffices, such as 
uc or ucar, is not recommended, because it is unclear 
whether this is intended to represent a single variable 
or whether it stands for a product of variables, each of 
which is represented by a single symbol.) 

(b) Parameters do not change their value during the 
process. Mathematical models often involve differential 
equations, and knowing which symbols are constant in 
such equations is important when considering their so-
lution. 

(c) Although in practice there seems to be an upper 
limit of 1 for the coefficient of friction between tyre 
and road surface, there is no point in stating this as 
an assumption. One of the reasons for the model is to 
avoid determining the coefficient of friction. This is in 
any case a statement about a data value and not an 
assumption. 

(d) There are four variables in the final formula: 
ucar, utest, xcar and xtest. The last three are measured 
and their values are used to estimate ucar. 
To validate the model, it would be necessary to mea-
sure corresponding values for all four variables, and to 
check that the predicted value for ucar is a reasonable 
approximation to the measured value. 
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There are no parameters in the final formula. How-
ever, an alternative view of the model (as in Solu-
tion 2.1(d)) is that data values for utest and xtest are 
required in order to obtain a value for the parameter 

2a = −utest/(2xtest), which is constant for the given road 
conditions. This parameter value and the measured √ 
value of xcar are then used to find ucar = −2axcar. 

(e) This is a subjective assessment and depends on the 
reader. The report could have been improved by the 
inclusion of a diagram, a table of variables and param-
eters, and a list of the assumptions on which the model 
is based. The final sentence is intuitively correct, but is 
it confirmed by the mathematics? On the whole, this 
report sets out what it wants to do fairly well, but re-
quires a better format. 

Solutions to the exercises 
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